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A few thousand examples of Calabi-Yau manifolds are known at present. They are 
mostly obtained by simple projective constructions, such as taking complete intersec- 
tions in products of weighted projective spaces, or ramified coverings of Fano three- 
folds, and so on. There is also a series of examples which can be represented as families 
of cubic curves given by the Weierstrass normal equation Y2Z = X3 + aXZ2 + bZ3 
for a E HO(S,C)(-4Ks)), b E HO(S,e)(-6Ks)), w h ere S is a rational surface, KS the 
canonical divisor on S, and it is supposed that Os(-4Ks) and Bs(-6Ks) have suf- 
ficiently many sections to provide a non-singular family (see, e.g., [lo], or [5] for K3 
surfaces with elliptic pencil). By Miranda’s criterion of smoothness of the elliptic fi- 
bration [6] and the Bertini ‘theorem [3], it is sufficient that the linear systems I- 4Ks] 
and 1 - 6K,9] have no common base points. So, one can easily see that over any Del 
Pezzo surface, and over the Hirzebruch surface IF2, there always exists a smooth elliptic 
fibration in the Weierstrass normal form which is a Calabi-Yau manifold. The case of 
S = p2 was studied in detail by A. Albano [l]; for the corresponding elliptic Calabi- 
Yau manifold we have the following invariants: X(X) = -540, hll = 4, h2’ = 274. The 
computation of Hodge numbers is not as easy as for other constructions mentioned 
above, because the elliptic threefold X is not an ample divisor in the corresponding 
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projective bundle (that is why hll # 2). 
We are going to provide a few more examples of elliptic Calabi-Yau manifolds over 
certain rational surfaces using more general families of elliptic curves as well as their de- 
generations and crepant (= retaining the triviality of the canonical bundle) resolutions 
of singularities. 
1. Definitions and basic constructions 
1.1. Definition. A Culabi- Yau manifold (CYM) is a simply connected complex pro- 
jective threefold X with Kx = 0. 
1.2. Definition. An elliptic CuZubi- Yuu manifold (ECYM) is a flat projective mor- 
phism f : V + S, such that: (i) S is a non-singular projective surface; (ii) V is a 
CYM. 
By adjunction formula, a generic fiber of an ECYM is an elliptic curve. 
1.3. Weierstrass normal form (WNF). Let S be a projective manifold, M any 
line bundle on S, a E H”(S,M-4), b E H”(S,M-6). Let EJ = P(E) be the projectiviza- 
tion of the split vector bundle ,5 = 0 $ M2 $ M3, and L = UP,s(l) the tautological 
Grothendieck line bundle. For any line bundle N on S and the bundle map N L, E 
there is a natural homomorphism of sheaves K*N + ,C, where 7r : IP -+ P2 is the natural 
projection. The latter homomorphism defines a section of 7r*N-l 8 L. Thus, for the 
natural inclusions of direct summands U,M2,M3 into E we obtain three sections of .C, 
L 8 rr*Ms2, C 8 x*Mm3, which will be denoted by Z,X,Y respectively. In this nota- 
tion, the expression s = Y2Z - X3 - uXZ2 - bZ3 defines a section of the line bundle 
L3 8 K*M-~. 
1.4. Definition. When we say that V is defined by the equation 
Y2Z = X3 + uXZ2 + bZ3 (1.1) 
in the WNF, this means that V is the scheme of zeros in IP of the section s E H”(IP,L3@ 
x*M--~) [4, 9.7.9.11: 
v = &p(s). 
1.5. Proposition. Adopt the notation of 1.3, 1.4. Then we have: 
(i) The Grothendieck dualizing sheaf wv is trivial if and only if M E ws = (3s(Ks), 
the canonical sheaf of S. 
(ii) V is a smooth manifold for generic a and b, if the base loci of linear systems 
IMs41 and IMW61 h uve no common points. In this case f = K 1 V is flat, and all the 
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fibers off are reduced irreducible cubic curves in p2. We have: 
( 
a cuspidal cubic, if a(P) = b(P) = 0, 
f-‘(P) Z a nodal cubic, if A(P) = O,a(P) # 0, 
a non-singular cubic, if A(P) # 0, 
where A = 4a3 + 27b2 is the discriminant. 
Proof. (i) is proved by standard adjunction technique and in using the Euler exact 
sequence for projectivized vector bundles. See, e.g. [l]. 
(ii) easily follows from [6, Proposition (2.1)] and the Bertini theorem [3]. 0 
1.6. Corollary. The equation (1.1) with generic a, b and M Z US defines an ECYA4 
over every surface 5’ from the following list: p 2; I!J1 x p’; Hirzebruch surfaces Fd for 
d = 1,2; Del Pezzo surfaces sd (d = 1,. . . ,7) obtained from IlD2 by blowing up k = 9 -d 
points satisfying certain conditions of generic position. The Euler number of these 
ECYA4’s is given in Table 1: 
s P2 B’ x IP’ K F2 s1 s2 s, s, $5 ss ST 
xw - 540 - 480 -480 -480 - 60 - 120 - 180 - 240 -300 -360 -420 
Proof. For generic a, b the discriminant curve C = {A = 0) in 5’ has ordinary cusps 
at points of intersection of the curves Cr = {a = 0) and C2 = {b = 0}, and no other 
singularities. So, we have the picture plotted on Fig. 1. Hence, by additivity of x, 
x(V) = x(S\C)x(E) t x(C\{G n G>)x (nodal cubic) 
+ #{Cl r~ C,} + x (cuspidal cubic) = -6OKi. 0 
Fig. 1. The structure of fibration f. The generic fiber E is a smooth elliptic curve. Fibers over smooth 
points of the discriminant curve C are nodal cubits, and those over cusps of C are cuspidal ones. 
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1.7. Generalization of the WNF construction. Let E = $2 EI+(-m) $0,~ (-n) 
(0 < m < n), P = P(E), and L, ?r be as above. Choose fiber homogeneous coordinates 
X, Y, 2 on p as canonical sections of L, C I% r*C?p(m), C @I n*0p(n) corresponding to 
the embeddings of line summands of f into itself. Then we define: 
s= c U;jkXiYjZk 
i+j+k=3 
i,j,k>O 
E H”(l@,C3 @ +(m + n + 3)), V = Zp(s), 
where a;jk E HO(P, n*Opz((i - 1)n + (j - l)(n - m) + 3)). 
1.8. Proposition. The scheme V of zeros of the section s is a smooth ECYM for 
generic coefficients a;jk if and only if the pair (m, n) occurs in the following list: 
(O,O), (0, I), (0,3), (1, I), (1,2), (1,3), (1,4), (2,2), (2,3), (2,5), (3,3), (3,6), (4,7), 
(5,8), (6,9). In th is case x(V) = -162 - 6(m2 - mn + n2). 
Proof. By the Bertini theorem, singularities may occur only in the base locus of the 
linear system M = 1L3@n*0p~(m+n+3)1. S ince the divisors of the non-zero coefficients 
a;jk move in their linear systems without base points, the base locus of M projects to 
the whole of IID by 7r. So, it must be the union of some “coordinate axes” X = 0, 
Y = 0, 2 = 0, or their intersections (which are cross-sections of r over P2). 
Denote dijk = (i - 1)n + (j - l)(n - m) + 3, where (ijk) is the exponent of a mono- 
mial XiYjZk. We have dijk 2 0 for the monomials X3,X2Y,X2Z,XY2,XYZ inde- 
pendently of the values of m,n. So, these monomials always occur in a generic s with 
a non-zero coefficient. They all are divisible by X, and thence, for the generic fiber 
of ?r to be irreducible, we should impose the condition that d;jk 2 0 for at least one 
monomial non-divisible by X. As d > d > d > d 030 / 021 / 012 / 003, the weakest condition of 
such kind is do30 > 0. 
If this condition is satisfied, then the monomials X3 and Y3 have non-zero coef- 
ficients, and for the generic fiber to be non-singular, at least one of the monomials 
Z3, XZ2, YZ2 must have a non-zero coefficient. 
If Z3 does, then M is base point free, and hence the generic V is non-singular. This 
happens when do03 = -2n + m + 3 3 0 (as d 030 > d003, the inequality do30 > 0 is 
automatically satisfied), that is when the pair (m,n) is an element of the set 
IIr={(m,n)EZ210<m<n, -2n+m+3>0}. 
If XZ2 has a non-zero coefficient, then we have dlo2 = m - n + 3 > 0, and do30 = 
n-2m+3 >, 0 (the latter inequality guarantees the existence of a monomial non-divisible 
by X with a non-zero coefficient). Under these conditions, the generic fiber of 7r is non- 
singular, but the non-singularity of V at the points of the base locus {X = Y = 0) is 
to be verified. 
The equations defining the singular locus of V are 
-=() (i=O,lJ), !Las2=,, & 
&l; ax dY az (l-2) 
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where (~u,ur,uz) are homogeneous coordinates on the P2 which is the image of a. 
Taking into account that singular points may occur only in the cross-section X = Y = 0, 
we see, that (1.2) is equivalent to 
x = Y = O,arrJ2(u) = aura(U) = 0. 
So, for V to be non-singular, one of the two coefficients alo2 or ~012 must be nowhere 
vanishing, that is a constant section of the trivial line bundle over P2. Denote 
I12={(m,n)EZ210<m<n, n-2m-k320, n-m-I-3=0} 
and 
II~={(m,n)EZ2~O<m<n, c&2=-n+3=0}. 0 
We have shown, that the non-singularity of the generic V holds only when (m, n) E 
III u II2 u &. This is exactly the set listed in the statement of the Proposition. 
The formula for X is proved by Gauss-Bonnet Theorem x(V) = degcs(TV). 
1.9. Remark. For ECYM’s of Proposition 1.8, we have -540 < X 6 -162, where 
-540 is attained by the WNF, and -162 by the hypersurface of bidegree (3,3) in 
p2 x p2(m = n = 0). 
2. Crepant resolution of singularities 
2.1. Definition. Let Y be a complex projective variety with only Gorenstein singu- 
larities, and f : V -+ Y a birational morphism such that V is non-singular. The variety 
V (or the morphism f) will be called a crepant resolution of singularities of V, if the 
following isomorphism holds: 
f*Wy z WV, 
where WV, wy are canonical sheaves of V, Y respectively. The resolution f is called 
small if the codimension of its exceptional locus in V is greater than one. It is small 
over a poont P E Sing Y, if this holds locally near f-l(P). 
It is obvious, that a small resolution of a Gorenstein singularity is crepant. 
2.2 Definition. A Du Val (or an ADE-singularity) is a surface singularity which is 
analytically isomorphic to the germ at the origin of one of the following hypersurfaces 
in C3: 
x2+Y2$ zn+r =o (An, n Z I), 
X2+Y?z+Z~-r =o (L, n 2 4), 
x2+Ys+24=0 (Es), 
xa+Ys+Yzs=o (E7L 
x2+Y3+z5=o (Ed. 
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2.3. Proposition. [2]. A singular surface Y admits a crepant resolution if and only 
if it has only Du Vu1 singularities. 
2.4. Definition. A compound Du Val (cDV) singularity is a germ of a singular three- 
dimensional complex space analytically isomorphic to the germ at the origin of the 
hypersurface in C4 defined by an equation of the form 
f(X, y, 2) + 0(X, y, 2, T) = 0, 
where f is one of the above ADE-polynomials, and g is an arbitrary polynomial. 
In other words, a cDV singularity is analytically equivalent to a hypersurface singu- 
larity, such that its generic hyperplane section through the origin is a Du Val singu- 
larity. If the generic hyperplane section has the singularity of type A,, D,, resp. E,, 
then the three-dimensional singularity is said to be of type cAn,cDn, resp. cE,. 
2.5. Proposition. Let Y be a three-dimensional projective variety admitting a crepant 
resolution f : V + Y. Then the following assertions hold: 
(i) Y is normal, and at a generic point of each one-dimensional component of Sing Y 
the singularity is analytically isomorphic to A1 x { Du Val singularity}. 
(ii) If P E Sing Y is an isolated cDV singular point, then f is small over P, and 
f -l(P)red is a chain of smooth rational curves with possible triple points of embedding 
codimension 2. Furthermore, in this case algebraic and analytic divisor class groups 
of the germ (Y, P) are non- trivial and isomorphic. 
For proofs, see [7,8,9]. 
2.6. Basic example. Any isolated cAl singularity is analytically equivalent to the 
singularity of the form X2 + Y2 + .Z2 + Tk = 0 (k 2 2). The latter admits a small 
resolution if and only if k is even, and in this case the divisor class group is Z and 
generated by the class of a smooth surface H = {X +&iY = Z+&iTk12 = 0). The 
surface H is a Weil divisor in the hypersurface Q = {X2 + Y2 + Z2 + T” = 0). The 
small resolution is obtained by blowing up H. Such blow up is an isomorphism over 
Q\(O), that is in all the points in which H is locally Cartier, and f-‘(O) E @. Thus, 
f is indeed small. 
A projective threefold with the cAl singularity admits a small resolution if and only 
if the property of the existence of a smooth surface H passing through the singular 
point P E Y holds not only local-analytically, but also in the algebraic category. 
3. Constructions of ECYM’s involving a crepant resolution of singularities 
3.1. Resolving singularities of generic V's in the base locus X = Y = 0. We 
adopt here the notation of 1.7 and 1.8. It may turn out, that for some pairs (m,n) the 
generic V is not smooth, but acquires certain cDV singularities. 
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The first possible case is when dru2 > 0, durz > 0, and do03 < 0. Then there are 
Ic = d102d012 ordinary double points defined by aruz(u) = aolz(u) = 0, X = Y = 0. The 
surface H = {X = Y = 0) is a smooth Weil divisor passing through all the singular 
points. So, according to 2.6, the blow up of H is a small, and hence crepant resolution 
of singularities. There is the only one such case: m = 0, n = 2. Then dloz = 1, dolz = 1, 
so there is one singular point. 
The second possible case is when d102 > 0, do12 < 0, but doso > 0. Then we have a 
singular cAr-curve X = Y = 0, aruz(u) = 0. 
Putting together the above cases, we come to the following statement: 
3.2. Proposition. In the notation of Proposition 1.8, the following pairs of integers 
(m, n) give rise to singular generic varieties V = Zp(s) admitting a crepant resolution, 
which is an ECYM 
(O,% C&4), (3,4), (3,519 (4751, (4, (9, (5,7). 
Proof. For (0,2), see the above discussion. All the remaining pairs form exactly the 
set singled out by the enequalities doso 2 0, d 012 < 0, d102 > 0. Under these conditions, 
the equation of V has the form 
asoeX3ta2mX2Yt a201X2m-a121J-J32 t%llXYZ 
+ alo2XZ2 t ao30Y3 t ao21Y2Z = 0. 
(3.1) 
As we are interested in the singularities occuring in the neighbourhood of the cross- 
section X = Y = 0, we pass to the inhomogeneous coordinates by setting 2 = 1, and 
rewrite the equation (3.1) in the following form: 
z(a1o2t alllYta120Y2t~201~ta210~Y+a300~2) 
tY2(~021tao30Y) = 0. 0 
(3.2) 
So, we have a cDV singularity along the curve 2 = y = are2 = 0. There are the 
following two possibilities: 
3.2.1. a021 $0 (do21 2 0). Then either d 0.~1 = 0, and then au21 is a constant section of 
the trivial line bundle, so that (3.2) defines a locally trivial family of Al singularities, 
or do21 > 0, and then the local triviality fails at the d ,321 d 102 dissident points (M.Reid’s 
term) in which au21 vanishes. 
In the first case, it follows from Proposition 2.3 that the blow up of the smooth curve 
C = {z = y = are2 = 0) gives a crepant resolution of singularities, say f : V + V. In 
the second case this holds generically. We have to check, what happens near dissident 
points. 
Let P be one of them. As a 102 and au21 are generic polynomials on p2 of corre- 
sponding degrees, we can use them as a part of’local coordinate system near P (upon 
passing to inhomogeneous coordinates in a2). So, the following functions form a local 
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coordinate system near P: 
u = a102 + %llY + h20Y2 + 7i2012 t a21ozy t a300x2, 
2, = Sio21(ao30)-213, a: = z, Y = Y(sio30)l’3, 
the bar over a indicating that the corresponding polynomials are taken in inhomoge- 
neous coordinates obtained by setting one of the ui equal to 1. In these coordinates, 
the local equation of V has the form: 
It is easily checked that the blow up of C resolves this cA2 singularity, so in this case 
V is also non-singular. Since f : V + V is crepant over the generic point of C, it is 
crepant everywhere, and we are done. 
3.2.2. au21 G 0 (c&r < 0). Then either doso = 0, and (3.2) defines a locally trivial 
family of A2 singularities, or do30 > 0, and there are d030d102 dissident points in which 
uoso = 0 and the local triviality fails. Similar to 3.2.1, we can choose local coordinates 
near a dissident point P in such a way, that the local equation of V will have the form 
Let us blow up the curve C = {z = y = 0). In the coordinate patch U = (~1 = x/y, 
~2 = y, ‘113 = u/y} we get the ordinary double singularity 
UlU3 t vu2 = 0. 
This singularity is resolved by blowing up the smooth Weil divisor ur = 212 = 0, 
which is globally defined as the intersection of the proper transform of the “coordinate 
axis” x = 0 and the exceptional divisor. So, the composition of the crepant blow up 
fr : VI ----) V of C and the small resolution f2 : v + V’ of the d030d102 singular points 
of VI via blow ups of smooth surfaces passing through these points gives a crepant 
resolution f = f2 0 fr : V + V of singularities of V. 
This finishes the proof of Proposition 3.2. 
3.3. Crepant resolution of non-generic V’s. 
3.3.1. An example of an ECYM over p2 with 9 points blown up and x = 0, hll = 11. 
The first case (m, n) = (0,O) of Proposition 1.8 is the case of a generic hypersurface of 
bidegree (3,3) in IID x IID 2. If we take a special bidegree (3,3) hypersurface V defined 
by the equation 
91(‘11o,U1,~2)f1(2,Y,~) t g2(.uo,ul,u2)f2(~,Y,~) = 0, 
where g;, f; are generic cubic polynomials, then the projection 7r : V --) p2 onto the first 
factor is not a flat morphism, and V is singular. It has 81 ordinary double singular 
points fr = f2 = g1 = g2 = 0, which all lie in 9 projective planes T-‘(Pi) (i = 1,. . . ,9), 
where {PI,..., Pg} = {gl = g2 = 0) is the set of points in which the two cubic curves 
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g1 = 0 and g2 = 0 meet. All the singularities of V are resolved by a small resolution, 
consisting in blowing up the ideal (gr,g2) in V. The map rr pulls back to the blow up 
@i of the same ideal in B2 giving rise to a flat elliptic fibration ii : v + @. 
The base of ii is itself a fibration of cubic curves over IIDr. Over any cubic of this 
fibration, the restriction of i7 is a trivial fibration. Indeed, if Ci,I1 = {gr : g2 = X : /.J} 
is the fiber of @ over the point (X,p) E I’, then T-‘(Ci,,) S C’i+ x C”+, where 
c,“,, = {fr : f2 = K : v}. 
As the cubic polynomials g;, f; have been chosen to be generic, one of the two curves, 
either Cl @, or C”, x 
that x(V) = 0. ’ 
is always non-singular, and hence X(7r_l(C{ J) = 0. This proves , 
The Picard group of v is generated by those 2 Cartier divisors which come from 
V (they are pull backs of the hyperplane sections via projections to both factors of 
P2 x p2), plus 9 Weil divisors on V which become Cartier on v’, hence, in total 11 
generators. This proves the assertion about hll. 
There is another way to see that X = 0 in looking at v as a result of surgery applied 
to the smoothening V, of V. V, is a non-singular (3,3) hypersurface in IID x IlD2, and hence 
x(Vc) = -162, as follows from the formula of Proposition 1.8. The degeneration of V, to 
V with subsequent small resolution can be represented topologically as the replacement 
of 81 Milnor fibers S3 x D3 in V, near singular points of V by the neighbourhoods of 
the exceptional IlD’ of a small blow up of a non-degenerate quadratic singular point, 
which is topologically S2 x D 4. As S3 x D3 and S2 x D4 have the same boundary, 
namely S3 x S2, we can cut out the Milnor fibers and paste in S2 x D4 instead of them 
along the common boundary. This will increase the Euler number by the quantity 
81(X(S2 x 0”) - X(&s3 x 0”)) = 162, which proves that X(v) = 0. 
3.3.2. The extension of 3.3.1 to WNF (X = 0,h” = 18). Consider the hypersurface V 
in llJ2 x IlD2 defined by a generic equation of the form 
fr(Y2.z -x3 - yxz2 - Us) + f&X22 + pz”> = 0, 
where f; = fi;( uu, ~1, ~2) are cubic forms, a,P, y,G are complex numbers, and denote 
by 7r the projection to the first factor ~~UO,U1,U ). Fibers of K are singular over the 
discriminant curve C = {A = 0)) where A = 4ffiy - &(Y)~ t 27fr(frJ - f~/3)~, and 
over the curve Cr = { fr = 0). 0 ver Cr, V is singular along the curve fr = 2 = X = 0. 
Local calculations show that it is a locally trivial cA6 singularity. It can be resolved by 
three subsequent blow ups with centers in non-singular curves, so that the fiber over 
each cA6 singular point will be the chain of six smooth rational curves. Blowing up 
further 9 planes fr = f2 = 0 and the corresponding 9 points in ptUO;U1 ,Uzl, we will get 
the flat elliptic fibration ii : v + @$ with v a smooth ECYM. 
Now, let us investigate the structure of the fibration ii in the whole. The equation 
of C can be written in the factorized form 
(fl - Ic1f2)(fl - K2f2)(fl - K3f2) = 0, 
where {Ki} is a generic set of complex constants depending algebraically on (Y,P,Y,s. 
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The proper transform of this curve in @i is the union of three disjoint elliptic curves 
El, I&,& in @& and over every point of these curves the fiber of ii is a nodal cubic 
curve. The proper transform of the elliptic curve Cr (which will be denoted by the 
same letter) is disjoint from E;, and over each point of Cr the fiber of ii is Kodaira’s 
fiber III,. Thus the structure of the fibration is described by Fig. 2. 
As x(G) = x(G) = x(E) = 0, we obtain the Euler number X(v) = 0. The genera- 
tors of the Picard group are the same as in 3.3.1, plus any 7 of 8 ruled surfaces over 
Cr; so, hll = 11 + 7 = 18. 
3.3.3. Degenerate WNF in non-trivial projective bundles. 
Again, adopt the notation of 1.7, and take m = 4, n = 6. Consider a generic equation 
of the form 
u1(Y2Z - x3 - yxz2 - SZ3) + u2(aXZ2 + PZ3) = 0, (3.3) 
where ur, ~2 are coordinate linear forms in ID?% U1,U2), and o, y E H”(llD2, O(8)), ,L3, S E 
H”(p2, 0( 12)). The left hand side of (3.3) is a [non-generic) section of the line bundle 
L3 8 n*+(13) over IID. The fibers of the projection 7r : V + ~~uo,u1,u2~ are non-singular 
over the complement of the two curves Cr = (~1 = 0) and C = {A = 0}, where 
A = 4(ury -Use + 27uI(u16 - u2/3) 2 is the discriminant. Over Cr, V has singularities 
along the curve X = 2 = ur = 0 which are generically locally trivial cAg, but there are 
also 8 dissident CAT points in which a vanishes. The cAG points are resolved similar 
to the above, by three subsequent blow ups, but the result of these blow ups has 8 
isolated ordinary double points over dissidents, lying in one of the two exceptional ruled 
surfaces which were pasted in by the last blow up. Blowing up this exceptional surface 
yields a small resolution of the eight singular points. 
Next thing to do is to blow up the proper transform of the plane ur = 212 = 0, which 
is a smooth Weil divisor in V passing through the 9 singular points 
{ur = 212 = Y2Z - x3 - 7x22 - sz3 = axz2 + pzs = o}. 
This blow up is a small resolution of the 9 singular points, and the resulting ECYM 
v admits a flat projection * to the projective plane @i with one point {ur = u2 = 0) 
blown up. 
The following properties are easily verified: 
(i) Define Sr = {P E C 1 P isacuspofC,P#Cr}, &=CnCr, S=Sru&.Then 
p--l(P) = 
a nodal cubic, if P E C\S, 
a cuspidal cubic, if P E 5’1. 
(ii) S2 consists of 8 points in which C osculates Cr up to the third order, defined by 
the equations ur = cy = 0, and one triple point of C in which three smooth branches 
meet, at ur = u2 = 0. The latter point gives rise to three distinct points on the proper 
transform C c I?$, forming the set 32, and the former 8 are those, over which dissidents 
sit, forming the set S2. 
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(iii) The fiber of ii over any non-dissident point of the proper transform (?‘I of Cr in @y 
is Kodaira’s 111, (it is shown on Fig. 2), and over every dissident point, the structure 
of the fiber is shown on Fig. 3. 
Fig. 2. The structure of fibration i. The generic fiber is E, a smooth elliptic curve. The numbers near 
components of the fiber 111, indicate their multiplicity in the scheme-theoretic inverse image C-l(P). 
Fig. 3. The dissident fiber 11:. It is an incompleted Kodaira’s fiber II.. 
This type is not present in Kodaira’s list, because there is no smooth surface in v 
containing this fiber. If we take a singular one, and resolve the singularity, we will 
introduce one more component, and the fiber will turn to Kodaira’s II. 
Putting all together, we can compute the Euler characteristic of the ECYM VI. We 
have: 
x(v)= ~(P"\(CUCI))X(E)+X(C\S)X (nodal cubic) . / 
=O 
t #& . x (cuspidal cubic) + #s, . x (nodal cubic) 
t #52 .X(II:)tX(CI\Sz)x(rrr,) 
= -284. 
112 D. Markushevich 
A similar investigation in the case when m = 2, n = 3 for the equation 
fr(Y2.z - x3 - yxz2 - 623) + f2(crXZ2 + j3.z”) = 0, 
where jr and f2 are quadratic forms of variables uo, ~r,u2, yields an ECYM v fibered 
over the blow up l?i of IF2 in 4 points fr = f2 = 0. Its Euler number is x(v) = -104. 
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